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Abstract
In this paper, we consider some semilinear elliptic equations with Hardy potential. By using linking
theorem in [P. Rabinowitz, Minimax Methods in Critical Points Theory with Applications to Differential
Equations, CBMS Reg. Conf. Ser. Math., vol. 65, Amer. Math. Soc., Providence, RI, 1986] and analyzing
the effect of nonlinearities, we establish the existence of nontrivial solutions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and main results
Let Ω  0 be a smooth bounded domain in RN (N  5). We are concerned with the following
semilinear elliptic problem:{−u− μ u|x|2 = λu+Q(x)|u|2∗−2u in Ω,
u = 0 on ∂Ω, (1.1)
where 0 μ < (N−22 )2, λ > 0 and 2∗ = 2NN−2 denotes the critical Sobolev exponent.
u ∈ H 10 (Ω) is said to be a weak solution of problem (1.1) if u satisfies
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Ω
(
∇u · ∇ϕ −μ uϕ|x|2 − λuϕ −Q(x)|u|
2∗−2uϕ
)
dx = 0, ∀ϕ ∈ H 10 (Ω).
It is well known that the nontrivial solutions of problem (1.1) are equivalent to the nonzero
critical points of the variational functional defined on H 10 (Ω)
Iλ,μ(u) = 12
∫
Ω
(
|∇u|2 − μ |u|
2
|x|2 − λ|u|
2
)
dx − 1
2∗
∫
Ω
Q(x)|u|2∗ dx.
In recent years, much attention has been paid to the existence of nontrivial solutions of prob-
lem (1.1), see [2,3,5,7,9–11,13] and the references therein. Let σμ denote the spectrum of the
operator − − μ|x|2 (0  μ < μ¯) in H 10 (Ω). In view of [6,8], σμ (0  μ < μ¯) is discrete, con-
tained in the positive semi-axis and each eigenvalue λμ,i (i = 1,2, . . .) is isolated and has finite
multiplicity, the smallest eigenvalue λμ,1 being simple and λμ,i → ∞ as i → ∞; moreover, each
L2-normalized eigenfunction eμ,i corresponding to λμ,i ∈ σμ, belongs to the space H 10 (Ω).
Set D1,2(RN) = {u ∈ L2∗(RN) | |∇u| ∈ L2(RN)}. Define the constant for μ ∈ [0, μ¯):
Sμ := inf
u∈D1,2(RN )\{0}
∫
RN
(|∇u|2 − μ |u|2|x|2 ) dx
(
∫
RN
|u|2∗ dx) 22∗
.
From [8,11], Sμ is independent of any Ω ⊂ RN in the sense that if
Sμ(Ω) := inf
u∈H 10 (Ω)\{0}
∫
Ω
(|∇u|2 − μ |u|2|x|2 ) dx
(
∫
Ω
|u|2∗ dx) 22∗
,
then Sμ(Ω) = Sμ(RN) = Sμ.
Let μ¯ = (N−22 )2, γ =
√
μ¯ + √μ¯ −μ, γ ′ = √μ¯ − √μ¯−μ. S. Terracini [15] proved that Sμ
can be achieved by the function
Uμ,	(x) = (4	
2N(μ¯ −μ)/(N − 2))N−24(
	2|x|
γ ′√
μ¯ + |x|
γ√
μ¯
)√μ¯ ,
where 	 > 0.
As in [8], for all μ ∈ [0, μ¯), we endow the Hilbert space Hμ with the scalar product
(u, v)Hμ =
∫
Ω
(
∇u · ∇v −μ uv|x|2
)
dx, ∀u,v ∈ Hμ,
and define
‖u‖Hμ =
(∫
Ω
(
|∇u|2 −μ |u|
2
|x|2
)
dx
) 1
2
, u ∈ Hμ.
By Hardy inequality (see [1]):∫
Ω
|u|2
|x|2 dx 
1
μ¯
∫
Ω
|∇u|2 dx, ∀u ∈ Hμ,
we infer that the norm ‖ · ‖Hμ is an equivalent norm in H 1(Ω).0
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there exists one nontrivial solution for problem (1.1) with Q(x) ≡ const. It is natural to ask
whether problem (1.1) admits one solution if Q(x) ≡ const. In this paper, we give a positive
answer to this question.
Suppose that Q(x) is a continuous positive function on Ω , and set QM = maxΩ Q(x). More-
over, for any α > 0
(C1) Q(x) = Q(0) +O(|x|α) as x → 0.
(C2) There is x0 ∈ Ωsuch that Q(x0) = QM and Q(x) = Q(x0)+ O(|x − x0|α) as x → x0.
Our main results are the following:
Theorem 1.1. Assume that Q(0)QM(SμS−10 )
N
N−2
. Let N  5 and μ ∈ [0, μ¯− (N+2
N
)2). Then
there exists one nontrivial solution of (1.1) with every λ > 0.
Theorem 1.2. Assume that Q(0) < QM(SμS−10 )
N
N−2
. Let N  5 and 0  μ < μ¯. Then prob-
lem (1.1) admits at least one solution for all λ > 0.
The functional E ∈ C1(X,R) is said to satisfy Palais–Smale condition at the level c if any
sequence {un} ⊂ X such that as n → ∞
E(un) → c, E′(un) → 0 strongly in X∗ (the dual of Banach space X)
contains a subsequence converging in X to a critical point of E. In this paper, we prove Theo-
rems 1.1, 1.2 by critical point theory and take E = Iλ,μ and X = H 10 (Ω). However, the functional
Iλ,μ does not satisfy Palais–Smale condition due to the lack of compactness of the embeddings:
H 10 (Ω) ↪→ L2
∗
(Ω) and H 10 (Ω) ↪→ L2(Ω, |x|−2). The standard variational argument is not ap-
plicable directly, we need to analyze the effect of Q and the energy range where Iλ,μ satisfies the
Palais–Smale condition.
Throughout this paper, we denote the norm of Hμ by ‖u‖Hμ = (
∫
Ω
(|∇u|2 − μ u2|x|2 ) dx)1/2,
0  μ < μ¯; the norm of Lt(Ω) (1  t < ∞) by ‖u‖Lt (Ω) = (
∫
Ω
|u|t dx)1/t and positive con-
stants (possibly different line to line) by C,C1,C2, . . . .
2. Proof of Theorem 1.1
In order to state the main results of this section, it is convenient to introduce the “problem at
infinity” for any fixed y ∈ RN :
(
P∞0,Q(y)
): {−v = Q(y)|v|2∗−2v, v ∈ D1,2(RN),
v → 0 as |x| → ∞,
and for any 0 < μ < μ¯
(
P∞μ,Q(0)
): {−v −μ v|x|2 = Q(0)|v|2∗−2v, v ∈ D1,2(RN),
v → 0 as |x| → ∞.
It is well known that the nontrivial solutions of problems (P∞0,Q(y)) and (P
∞
μ,Q(0)) at infinity
are equivalent to the nonzero critical points of the following energy functionals respectively
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1
2
∫
RN
∣∣∇v(x)∣∣2 dx − 1
2∗
∫
RN
Q(y)
∣∣v(x)∣∣2∗ dx, v ∈ D1,2(RN ),
and
F∞μ,Q(0)(v) =
1
2
∫
RN
(
|∇v|2 − μ |v|
2
|x|2
)
dx − 1
2∗
∫
RN
Q(0)|v|2∗ dx, v ∈ D1,2(RN ).
Exploiting suitable blow-up arguments, we have the following representation of Palais–Smale
sequences. Since the proof is analogous to that of Theorem 3.1 in [14], we omit the details here.
Lemma 2.1. Let N  3, 0 < μ < μ¯, λ ∈ R. Suppose that {um} ⊂ H 10 (Ω) satisfies as m → ∞
Iλ,μ(um) → c, I ′λ,μ(um) → 0 strongly in H−1(Ω).
Then there exists a critical point u0 of Iλ,μ and there exist k, l sequences of positive numbers
{rjm} (1  j  k), {Rjm} (1  j  l) and l sequences of points {xjm} (1  j  l) in Ω , which
respectively converges to xj ∈ Ω such that, up to a subsequence,
(i) um = u0 + ∑kj=1(rjm)N−22 vj1 (rjmx) + ∑lj=1(Rjm)N−22 vj0 (Rjm(x − xjm)) + ωm, where
‖ωm‖ → 0, rjm → ∞, Rjm → ∞ as m → ∞; vj1 (1  j  k), vj0 (1  j  l) are nonzero
critical points of F∞μ,Q(0)(·) and F∞0,Q(xj )(·), respectively.
(ii) c = Iλ,μ(u0)+∑kj=1 F∞μ,Q(0)(vj1 )+∑lj=1 F∞0,Q(xj )(vj0 ).
It readily verifies from Lemma 2.1 that the following result holds.
Corollary 2.2. Let 0  μ < μ¯. Then for every λ > 0, Iλ,μ satisfies (P .S.)c condition with c
satisfying
c < min
{
S
N
2
μ
NQ(0)
N−2
2
,
S
N
2
0
NQ
N−2
2
M
}
.
Proof. Assume that {um} ⊂ H 10 (Ω) satisfies as m → ∞
I (um) → c < min
{
S
N
2
μ
NQ(0)
N−2
2
,
S
N
2
0
NQ
N−2
2
M
}
, I ′(um) → 0 strongly in H−1(Ω).
It follows from Lemma 2.1 that
Iλ,μ(u0) =
(
1
2
− 1
2∗
)∫
Ω
Q(x)|u0|2∗ dx  0.
Moreover, for any u ∈ D1,2(RN)\{0} satisfying problem (P∞μ,Q(0)),
F∞μ,Q(0)(u)
S
N
2
μ
N−2
2
;
NQ(0)
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F∞0,Q(xj )(u)
S
N
2
0
NQ(xj )
N−2
2

S
N
2
0
NQ
N−2
2
M
,
we therefore deduce that k = l = 0 in Lemma 2.1, and {um} is relatively compact in H 10 (Ω). 
Denote by Br(y) the ball of radius r centered at the point y ∈ Ω , we have B 2
m
(y) ⊂ Ω for m
large enough. As in [8], for 0 μ < μ¯, let
H−μ = span{eμ,1, eμ,2, . . . , eμ,k}, H+μ =
(
H−μ
)⊥
.
Fix k, define the approximating eigenfunctions emμ,i = ξmeμ,i (i = 1,2, . . .) and the space
H−μ,m = span
{
emμ,1, e
m
μ,2, . . . , e
m
μ,k
}
,
where
ξm(x) =
⎧⎪⎨
⎪⎩
0 if x ∈ B 1
m
(0),
m|x| − 1 if x ∈ B 2
m
(0)\B 1
m
(0),
1 if x ∈ Ω\B 2
m
(0).
The following lemma can be found in [4]:
Lemma 2.3. Let 0 μ < μ¯. Then
(i)
∥∥emμ,i − eμ,i∥∥Hμ → 0 as m → ∞;
(ii) max
{u∈H−μ,m,‖u‖L2(Ω)=1}
‖u‖2Hμ  λμ,k +Cm−2
√
μ¯−μ.
Let m > 0, 	 > 0, define
um	 (x) =
⎧⎪⎨
⎪⎩
Uμ,	(x)− (4	2N(μ¯−μ)/(N−2))
N−2
4
(
	2( 1
m
)
γ ′√
μ¯ +( 1
m
)
γ√
μ¯
)√μ¯ if x ∈ B 1m (0),
0 if x ∈ Ω\B 1
m
(0).
(2.1)
Then for every μ ∈ [0, μ¯), we have (see [8]):∫
Ω
(∣∣∇um	 ∣∣2 −μ |um	 |2|x|2
)
dx  S
N
2
μ +C1	N−2m2
√
μ¯−μ, (2.2)
∫
Ω
∣∣um	 ∣∣2∗ dx  S N2μ − C2	Nm 2NN−2 √μ¯−μ. (2.3)
We claim that∫
Ω
Q(x)
∣∣um	 ∣∣2∗dx Q(0)S N2μ − C3	Nm 2NN−2 √μ¯−μ. (2.4)
Indeed, from (2.3) and assumption (C1), we deduce that for m large enough
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∫
Ω
Q(x)
∣∣um	 ∣∣2∗ dx 
∫
B 1
m
(0)
Q(0)
∣∣um	 ∣∣2∗ dx − C
∫
B 1
m
(0)
|x|α|Uμ,	 |2∗ dx
Q(0)
(
S
N
2
μ −C2	Nm 2NN−2
√
μ¯−μ )−C	N
1
m∫
0
rN+α−1(
	2r
γ ′√
μ¯ + r
γ√
μ¯
)N dr
Q(0)S
N
2
μ −C2Q(0)	Nm 2NN−2
√
μ¯−μ −C	Nm 2NN−2
√
μ¯−μ−α,
which implies (2.4).
Set
c	 = inf
∈Γ	,m
max
u∈Q	,m
Iλ,μ
(
(u)
)
,
where
Γ	,m =
{
 ∈ C(Q	,m,Hμ)
∣∣ (u) = u, ∀u ∈ ∂Q	,m}
and
Q	,m =
(
BR(0)∩H−μ,m
)⊕ {rum	 ∣∣ 0 r R}.
Lemma 2.4. Assume that 0 μ < μ¯− (N+2
N
)2. Then for any λ > 0, c	 < S
N
2
μ
NQ(0)
N−2
2
.
Proof. We may assume that there exists an integer k such that λμ,k  λ < λμ,k+1. Let
maxu∈Q	,m Iλ,μ(u) = Iλ,μ(wmμ + tmμ,	um	 ), where wmμ ∈ H−μ,m. Set Qm = minΩ Q(x). Using
Hölder inequality, we deduce from (ii) of Lemma 2.3 that
Iλ,μ
(
wmμ
)= 1
2
∫
Ω
(∣∣∇wmμ ∣∣2 −μ(wmμ )2|x|2 − λ
(
wmμ
)2)
dx − 1
2∗
∫
Ω
Q(x)
∣∣wmμ ∣∣2∗ dx
 λμ,k − λ
2
∫
Ω
(
wmμ
)2
dx +Cm−2
√
μ¯−μ
∫
Ω
(
wmμ
)2
dx − Qm
2∗
∫
Ω
∣∣wmμ ∣∣2∗ dx
 Cm−2
√
μ¯−μ∥∥wmμ∥∥2L2∗ (Ω) − Qm2∗
∥∥wmμ∥∥2∗L2∗ (Ω)
max
t0
(
Cm−2
√
μ¯−μt2 − Qm
2∗
t2
∗
)
 Cm−N
√
μ¯−μ. (2.5)
Choose 	 = m−N+2N−2
√
μ¯−μ in (2.2) and (2.4), respectively. Then we have as m → ∞,∫
Ω
(∣∣∇um	 ∣∣2 −μ(um	 )2|x|2
)
dx  S
N
2
μ + C1m−N
√
μ¯−μ, (2.6)
∫
Q(x)
∣∣um	 ∣∣2∗ dx Q(0)S N2μ −C3m− N2N−2 √μ¯−μ. (2.7)
Ω
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Ω
∣∣um	 ∣∣2 dx  C4m−(N+2). (2.8)
Observe that id ∈ Γ	,m, |suppwmμ ∩ suppum	 | = 0 and N + 2 < N
√
μ¯ −μ < N2
N−2
√
μ¯ −μ for
every μ ∈ [0, μ¯ − (N+2
N
)2). From (2.5)–(2.8), we conclude that
c	  max
u∈Q	,m
Iλ,μ(u)
= Iλ,μ
(
wmμ + tmμ,	um	
)
= Iλ,μ
(
wmμ
)+ Iλ,μ(tmμ,	um	 )
 Cm−N
√
μ¯−μ + (t
m
μ,	)
2
2
∫
Ω
(∣∣∇um	 ∣∣2 −μ(um	 )2|x|2 − λ
(
um	
)2)
dx
− (t
m
μ,	)
2∗
2∗
∫
Ω
Q(x)
∣∣um	 ∣∣2∗ dx
 Cm−N
√
μ¯−μ + (t
m
μ,	)
2
2
(
S
N
2
μ +C1m−N
√
μ¯−μ − λC4m−(N+2)
)
− (t
m
μ,	)
2∗
2∗
(
Q(0)S
N
2
μ −C3m− N
2
N−2
√
μ¯−μ)
 Cm−N
√
μ¯−μ + 1
N
(
S
N
2
μ + C1m−N
√
μ¯−μ − λC4m−(N+2)
)
×
(
S
N
2
μ + C1m−N
√
μ¯−μ − λC4m−(N+2)
Q(0)S
N
2
μ −C3m− N
2
N−2
√
μ¯−μ
)N−2
2
 S
N
2
μ
NQ(0)
N−2
2
+ Cm−N
√
μ¯−μ −C5m−(N+2)
<
S
N
2
μ
NQ(0)
N−2
2
,
where we have used the fact: for any a, b > 0
max
t0
(
t2
2
a − t
2∗
2∗
b
)
= a
N
(
a
b
)N−2
2
. 
Proof of Theorem 1.1. Following [8], we know that if m,R large enough, Iλ,μ satisfies all the
assumptions of the linking theorem in [12] except for the Palais–Smale condition. Namely,
(i) there exist α0, ρ0 > 0 such that
Iλ,μ(u) α0, ∀u ∈ ∂Bρ0(0)∩ H+μ ;
1082 P. Han, Z. Liu / J. Math. Anal. Appl. 327 (2007) 1075–1085(ii) there exists R0 > ρ0 such that
Iλ,μ|∂Q	,m  L(m) with L(m) → 0 as m → ∞.
Moreover, ∂Bρ0(0) ∩ H+μ and ∂Q	,m link (cf. [12]). Then we obtain a Palais–Smale sequence{un} for Iλ,μ at level c	 , moreover, c	  infu∈∂Bρ0 (0)∩H+μ Iλ,μ(u) α0 > 0 (see [16]). Note that
if Q(0)QM(SμS−10 )
N
N−2 , then
S
N
2
μ
NQ(0)
N−2
2
= min
{
S
N
2
μ
NQ(0)
N−2
2
,
S
N
2
0
NQ
N−2
2
M
}
.
By Corollary 2.2 and Lemma 2.4, we infer that there is a subsequence of {un}, which strongly
converges to a nontrivial solution of (1.1) in H 10 (Ω). 
3. Proof of Theorem 1.2
In this section, we consider the case:Q(0) < QM(SμS−10 )
N
N−2
. Observe that Sμ  S0, we infer
that Q(0) < QM = Q(x0), which implies that x0 = 0. Thus B 2
m
(x0) ⊂ Ω for m large enough.
Set
H−0 = span{e0,1, e0,2, . . . , e0,k}, H+0 =
(
H−0
)⊥
,
where e0,i (i = 1,2, . . .) are the eigenfunctions eμ,i for μ = 0 in Section 2.
Fix k, define the space
H−0,m = span
{
em0,1, e
m
0,2, . . . , e
m
0,k
}
,
where em0,i = ζme0,i (i = 1,2, . . .),
ζm(x) =
⎧⎪⎨
⎪⎩
0 if x ∈ B 1
m
(x0),
m|x − x0| − 1 if x ∈ B 2
m
(x0)\B 1
m
(x0),
1 if x ∈ Ω\B 2
m
(x0).
Let m > 0, 	 > 0, define
vm	,x0(x) =
⎧⎨
⎩U0,	(x − x0)−
(	2N(N−2)) N−24
(	2+( 1
m
)2)
√
μ¯
if x ∈ B 1
m
(x0),
0 if x ∈ Ω\B 1
m
(x0).
Then the following estimates hold:∫
Ω
∣∣∇vm	,x0 ∣∣2 dx  S N20 + C	N−2mN−2, (3.1)
∫
Ω
Q(x)
∣∣vm	,x0 ∣∣2∗ dx QMS N20 −C	NmN. (3.2)
In fact, choose μ = 0 in (2.2) and (2.3), respectively, we get (3.1) and∫ ∣∣vm	,x0 ∣∣2∗ dx  S N20 − C	NmN. (3.3)
Ω
P. Han, Z. Liu / J. Math. Anal. Appl. 327 (2007) 1075–1085 1083Thus, from (3.3) and assumption (C2), we derive that for m large enough∫
Ω
Q(x)
∣∣vm	,x0 ∣∣2∗ dx 
∫
B 1
m
(x0)
Q(x0)
∣∣vm	,x0 ∣∣2∗ dx − C
∫
B 1
m
(x0)
|x − x0|α
∣∣v∗	,x0 ∣∣2∗ dx
Q(x0)
(
S
N
2
0 − C	NmN
)−C	N
1
m∫
0
rN+α−1
(	2 + r2)N dr
Q(x0)S
N
2
0 −Q(x0)C	NmN −C	NmN−α
Q(x0)S
N
2
0 −C	NmN,
which is (3.2).
Set
c∗	 = inf
∈Γ ∗	,m
max
u∈Q∗	,m
Iλ,μ
(
(u)
)
,
where
Γ ∗	,m =
{
 ∈ C(Q∗	,m,Hμ) ∣∣ (u) = u, ∀u ∈ ∂Q∗	,m}
and
Q∗	,m =
(
BR(x0)∩H−0,m
)⊕ {rvm	,x0 ∣∣ 0 r R}.
Lemma 3.1. Assume that N  5, μ 0. Then for any λ > 0, c∗	 < S
N
2
0
NQ
N−2
2
M
.
Proof. Suppose that λ0,k  λ < λ0,k+1 for some integer k. Set maxu∈Q∗	,m Iλ,μ(u) = Iλ,μ(wm0 +
tm0,	v
m
	,x0), where w
m
0 ∈ H−0,m. By (ii) of Lemma 2.3 with μ = 0, we derive that
Iλ,μ
(
wm0
)= 1
2
∫
Ω
(∣∣∇wm0 ∣∣2 −μ(wm0 )2|x|2 − λ
(
wm0
)2)
dx − 1
2∗
∫
Ω
Q(x)
∣∣wm0 ∣∣2∗ dx
 λ0,k − λ
2
∫
Ω
(
wm0
)2
dx +Cm−(N−2)
∫
Ω
(
wm0
)2
dx − Qm
2∗
∫
Ω
∣∣wm0 ∣∣2∗ dx
 Cm−(N−2)
∥∥wm0 ∥∥2L2∗ (Ω) − Qm2∗
∥∥wm0 ∥∥2∗L2∗ (Ω)
max
t0
(
Cm−(N−2)t2 − Qm
2∗
t2
∗
)
 Cm−
N(N−2)
2 . (3.4)
Choose 	 = m−N+22 in (3.1), (3.2), respectively. Then we have as m → ∞,
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∫
Ω
∣∣∇vm	,x0 ∣∣2 dx  S N20 + Cm−N(N−2)2 , (3.5)
∫
Ω
Q(x)
∣∣vm	,x0 ∣∣2∗ dx Q(x0)S N20 − Cm−N22 . (3.6)
In addition,∫
Ω
∣∣vm	,x0 ∣∣2 dx  Cm−(N+2). (3.7)
Observe that id ∈ Γ ∗	,m, |suppwm0 ∩ suppvm	,x0 | = 0 and N + 2 < N(N−2)2 < N
2
2 if N  5. We
deduce from (3.4)–(3.7) that for m large enough
c∗	  max
u∈Q∗	,m
Iλ,μ(u)
= Iλ,μ
(
wm0 + tm0,	vm	,x0
)
= Iλ,μ
(
wm0
)+ Iλ,μ(tm0,	vm	,x0)
 Cm−
N(N−2)
2 + (t
m
0,	)
2
2
∫
Ω
(∣∣∇vm	,x0∣∣2 − λ(vm	,x0)2)dx
− (t
m
0,	)
2∗
2∗
∫
Ω
Q(x)
∣∣vm	,x0 ∣∣2∗ dx
 Cm−
N(N−2)
2 + (t
m
0,	)
2
2
(
S
N
2
0 +Cm−
N(N−2)
2 − λCm−(N+2))
− (t
m
0,	)
2∗
2∗
(
Q(x0)S
N
2
0 − Cm−
N2
2
)
 Cm−
N(N−2)
2 + 1
N
(
S
N
2
0 +Cm−
N(N−2)
2 − λCm−(N+2))
×
(
S
N
2
0 +Cm−
N(N−2)
2 − λCm−(N+2)
Q(x0)S
N
2
0 −Cm−
N2
2
)N−2
2

S
N
2
0
NQ(x0)
N−2
2
+Cm−N(N−2)2 −Cm−(N+2)
<
S
N
2
0
NQ(x0)
N−2
2
. 
Proof of Theorem 1.2. Following [8], we know that for m,R large enough, Iλ,μ satisfies all the
assumptions of the linking theorem in [12]. Namely,
(i) there exist β,ρ > 0 such that
Iλ,μ(v) β, ∀v ∈ ∂Bρ(x0)∩ H+0 ;
P. Han, Z. Liu / J. Math. Anal. Appl. 327 (2007) 1075–1085 1085(ii) there exists R > ρ such that
Iλ,μ|∂Q∗	,m K(m) with K(m) → 0 as m → ∞.
Moreover, ∂Bρ(x0) ∩ H+0 and ∂Q∗	,m link (cf. [12]). Then we obtain a Palais–Smale sequence{vn} for Iλ,μ at level c∗	 , moreover, c∗	  infv∈∂Bρ(x0)∩H+0 Iλ,μ(v)  β > 0 (see [16]). Corol-
lary 2.2 and Lemma 3.1 imply (up to a subsequence) that vn → v strongly in H 10 (Ω), and v is a
nontrivial solution of (1.1). 
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